Palestine Journal of Mathematics

Vol. 5(2) (2016) , 276281 © Palestine Polytechnic University-PPU 2016

On a Summation due to Ramanujan and others and their
generalizations

Unnima Ramachandran K. and Arjun K. Rathie
Communicated by Jose Luis Lopez-Bonilla

MSC 2010 Classifications: Primary: 33C05, Secondary : 33B3&60.

Keywords and phrases: Ramanujan summation , Kummer’s stiomibeorem.

Abstract. The aim of this short note is to demonstrate how one can obtain threeabsuer
mations by employing generalized Kummer’'s summation theorem obtaarkerdoy Choi. As
special cases, we mention a large number of summations including giomsndue to Ramanu-
jan and Brychkov. The summations given in this note are simple, interestisgy established
and may be useful.

1 Introduction

We start with the following interesting summations,

. <%)2+ <£)2‘ S \/ErL:(g) (1.1)

1—<%>+<é>—“. :% (1.3)

The first summation (1.1) is due to Ramanujan[l], the second summ@tidnis due to
Brychkov [2] while (1.3) is the well known summation due to Leibnitz obteime1673[4].

The above summations can be proved quite easily by using the classicah&is summa-
tion theorem [5].

Al R e
by taking

() a=b=3

(i) a=b=%

(i) o =1andb= 3

respectively.
Recently, Choi[3] established the generalization of the classical Kurarsemmation theo-
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rem(1.4) and obtained nineteen results in the form of a single result vwghgitven by

2

ab .
l+a—b+i'

F(HM(1+a—b+4)(1-0b)

A

22T (1—b+ 3(i+|i]))

+

e e

B;

fori =0,+1, +£2, ..., £9.

M(3a+3i—[3])F(3+ 3a— b+ 3i)

(1.5)

Herelz] is the greatest integer less than or equal &md its modulus is denoted by: |. The
coefficientsA; and B; are given in the following tables.

320034972420 —828ub2+ 174p3+ 22402 —
39361 + 13232 — 640Q: + 4614 + 6144

Table 1
i Ai Bi
0|1 0
1]-1 1
2| 14+a—0 -2
3| 3a-2v-5 20 —b+1
4 | 2a%° —4ab+b*+8a—3b+ 2 4b—a—2)
5 | 10ab — 4a? — 5b% — 26a + 25 — 32 4a? — 6ab + b° + 14a — 3b + 2
6 | 4a® — 12a%b + 9ab? — b® + 3642 — 5lab + | 16ab — 8a® — 6b? — 48a + 34h — 52
6b2 + 74a —11b + 6
7 | 7b3—28ab?+28a2b— 842 — 102 +196ub— | 8a® — 20a2b + 12ab? — b3 + 68a2 — 76ab +
700> — 3520 + 245 — 302 602 + 128 — 11b + 6
8 | 8a*—32u3b+40a2b2 — 16ab3+b*+128:3 — | 8b°—40ab?+48a2b—16a3—1920%+312ub—
31202b + 176ab? — 1003 + 62402 — 672ub+ | 88b2 — 640u + 352 — 512
3562 4+ 8961 — 500 + 24
9 | —16a*+ 7243 — 1081262 + 60ab® — 9* — | 16a*—56a3b+60a2b%—20ab3+b*+ 2483 —
32813+97212b— 792007+ 1503 — 2240 + | 516a2b+240ub?— 1003+ 1160:2—1028:b+
3612ub — 9992 — 56961 + 3162 — 3984 | 3502 + 15761 — 500 + 24
Table 2
i | A B;
101 1
2|la-b-1 2
3| 2a—-3—-4 20 —b—2
-4 | 2a® — 4ab+ b? — 8a + 5b + 6 4(a—b—2)
-5 | 4a% — 10ab + 5b% — 24a + 25h + 32 402 — 6ab+ b2 — 16a + 7b + 12
-6 | 4a® — 124%b + 9ab? — b® — 3602 + 57ab — | 8a% — 16ab + 6b% — 484 + 38) + 64
12b2 + 920 — 47b — 60
-7 | 8a®—28a2b+28ab? — 73 — 9602 +196ub— | 8a® — 20a2b + 12ab? — b® — 72a? + 92ub —
77b? + 352, — 294 — 384 1562 + 1840 — 74b — 120
-8 | 8a*—32a%b+40a2b% — 16ab3+b* — 1283+ | 16a°—4842b+40ab?—8b°—192:°+3281b—
32842h — 208ub? + 2203 + 6882 — 928b + | 1042 + 7040 — 408 — 768
17%% — 1408 + 638 + 840
-9 | 16a* — 7243 + 108222 — 60ab® + 9* — | 16a* — 5603 + 60a2b? — 20ab3 + b* —

2561°+56402b—3000b%+26b>+ 137612 —
1568:b + 251»% — 28161 + 1066 + 1680
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The aim of this short research paper is to provide generalizations aitin@ations (1.1),(1.2)
and (1.3). As special cases, we obtained in all 27 results closely rétatéd) to (1.3).

2 MAIN RESULTS

In this section, the following summations will be established.

1‘<%)2<1ii>+<£)2W1<2+i>""

M2 (3)r(1+14)
VoI (54 3(i+ 1)

fori=0,1,2,...,9.

3
_ 2) Ay
2 (3 + 36+ 1iD) [F(E+z-[BDI(5+30)
B.
+ (2.2)
re+zi-[E)rGE+32)
fori=0,1,2,...,9.
1_} 1 _}_E 1
23+ 22G+0G+9)
__PEré+i A;
2 (3+36+1iD) [FA+3zi- [ (1+30)

fori=0,1,2,...,9.

Proof. The derivations of our general summations are quite straight-forvindthis, in (1.5),
if we set

(iii) a=1andb= 3

and after little simplification, we easily arrive at (2.1), (2.2) and (2.3).
This completes the proof of summations (2.1), (2.2) and (2.3). ]

3 SPECIAL CASES

In this section, we shall mention, some of very interesting summations.
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(i) SPECIAL CASESOF (2.1)

In(2.1), ifwe takei = 0,1, 2, ...,

9, we get the following interesting results.

1\*  [/13\° VT
ORI CIREIE e o0
a
2 3\? 2V2r2 (3
1o (Lo ver f3(4) (3.2)
2) 2 24) 3 r (%) w2
2 3\? 16v/2r2 (2
1_(}) }+<E) 1 :16\/23_”_ ‘[3<4) (3.3)
2) 3 24) 6 a2 (Z) 3z
Lo (L 21+ 1.3 i_ _ 1evar  288/2r2(3) (3.4)
2) 47\24) 10 C5r2(2) 2572 '
1 (1 2}+ 13\*1  _ 4352/2r  4096/2r%(3) (3.5)
2) 57 \24) 15 7352 (3) 175r3 '
(1)2 1, ( ) 14848/2r  44032/212 (2) 3.6)
2) 6 T 13232(3) 9450 '
1 21 13 385024/2r  106496/2r2 (3)
1—(=) = = =~ — 5 (3.7)
2) 77 \2a 177872 (3) 115573
1 (;)@Jr (g Zi _ 598016/2r  15253504/2r2(3) a8
2) 8 \24) 36 141572 (3) 8365572 '
1 <g 1 (g)zi | _ALIS66082r 167772182T2(F) o
2) 9 \24) 45 4954952 (3) 464753 '
1 (;)2 1. <E>2 1 _ 15361638427 961439334422 (3) 0
2) 10 \24) 55 9359352 (3) 13431275 % '
(i) SPECIAL CASES OF (2.2)
In (2.2), ifwe takei = 0,1, 2, ...,9, we get the following interesting results.
1\* (15 rEre
() <48) STl (341
2 2 1 1 3 3
2ir () (3 :

1_<}) }+<£5> 1 TEIE) 162:ym (3.12)

4) 27\a8) 3 3 o (1)r @
2 2 1 1 3 3
64.2ir (1)1 (2

1 <}) 1, (E) 1 82T _2862ivm (3.13)

i) 37\28) © 14773 63 (5) T (3)
2 2 1 1 3 3
3202ir (31 (3

1_<E> 1+<E) 1 302 194562“/—3 (3.14)
4) 27 \18) 10 530y 2541 (3)T (3)

- <}>21+ <E)2i 348162 ()T (3) 52428821y (3.15)
4) 57 \28) 15 T 40425 38119 (3)r (3)
1\*1 /15\%1

1-(5) 2+ (58] 55—

4) 6" \a8) 21
_ 40960247 (3)T (3)  6750208@% /% (3.16)
307233 275190% (3)r (%)

8
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1\%1 [/15\% 1
1- (=) S+ (=) ==-
4) 7" \a8) 28
5924454211 ()T (3)  92903833@% /7 (3.17)
270874453 21097928 ($)T (3)
1\?1 [/15\% 1
1- (=) S+ (=) =-
4) 8" \48) 36
56098816241 (1)1 () B 5854409523@3 \/7 (3.18)
B 14925735 % 732399327 ($)T (3)
1\%?1 /15\%1
1- (=) 2+ (=) =-
4) 9" \a8) 45
| 67118930330QT ()T (2) B 333289462200Q% /7 (3.19)
1004054193005 2270437914D (1) T (3) '
1\? 1 15\? 1
1- (=) =+ (=) =-
4) 10 " \48) 55
_ 4757078933504 (3) (§)  24053964341248% /7 (3.20)
3904655196752 88294807756 (3) T (%) '
(iii) SPECIAL CASES OF (2.3)
In (2.3), ifwe takei = 0,1, 2, ...,9, we get the following interesting results.
1 1 T
1-3+g- 7 (3.21)
1 13 3r 3
1 13 157
1 13 357 77
1-5tom 5 6 (3.24)
1 1.3 3157
Tt TiE = (3.25)
1 13 693r 2013
“1371315 7 T 32 30 (3.26)
1 1.3 9009r 2197
=+t T 192 15 (3.27)
1 1.3 19305 66135
=7+ ~ 102 210 (3.28)
1 13 328185 70380
“T9T1921 " T 1536 105 (329)
1 13 230945 178429
“21 72123 " T 512 126 (3:30)

Clearly the result (3.2) to (3.10) are closely related to the Ramanujeststi(3.1); (3.12) to
(3.20) are closely related to the Brychkov's’s result (3.11) an2l)3o (3.30) are closely related
to the well known summation (3.21).
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