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Abstract

The objective of this note is to provide an elementary proof of two
very interesting and useful results due to Bailey involving products of
generalized hypergeometric functions.

1. Introduction

In the theory of hypergeometric series ,F; and generalized
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hypergeometric series , Fy, summation formulas for ,Fy (see, e.g,, [2] and

[3, Section 1.5]), in particular, the classical summation theorems for the
series o Fy, 3F», and 4F3 play an important role in theory and applications
(see, eg., [2] and [3, p. 350]).

In a very useful, popular and interesting paper [1], Bailey presented a
large number of known and unknown formulas involving products of
generalized hypergeometric series by using the classical summation theorems
for the series 5 F; and 3F,. Among other things, we recall the following two

formulas;
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where (1), is the Pochhammer symbol defined (for A € C) by (see[3, p. 2

and p. 5)):
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and T'(}) is the familiar Gamma function. Here and in what follows, C, N

and Zg denote the sets of complex numbers, positive and non-positive
integers, respectively.

Bailey [1] obtained the formulas (1.1) and (1.2) by employing the
following classical Kummer's summation theorem (seg, e.g., [2, p. 68]):

a, b, F(1+%ajr(1+ a—b)
,Fy |- . (1.4)
1+ a_b; F(1+ a)l"(l+§a—bj

(R(b) <L 1+a-beC\Zy).

The abjective of this note isto show how the formulas (1.1) and (1.2) can
be derived in an elementary way.

2. Derivationsof (1.1) and (1.2)

We first assume that the involved parameter a and the variable x in (1.1)
and (1.2) are real numbers. Let £ be the right-hand side of (1.1). Then we
find that

{\/Exef}
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n=0
which, in terms of generalized hypergeometric function, can be written as

2a;
L=NR 1F0 X(1+ |) . (21)
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Applying the following well known formula:

a,
1F0 Z| = (1— Z)_a (22)

to (2.1), we obtain

L = R([L- x1+1)]2?)
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where (2.2), again, is used for the last equality.
We see that
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We find from (2.3) and (2.4) that
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which, upon using the following elementary identities:
2n 1
(2a),, = 2 (a)n(a + _j
2 n
and

(2n)!= 22”(%j nl,

becomes

o @(a+3) (A

o B MR
2)."

The expressionin (2.5) isjust the left-hand side of (1.1).

A similar argument will establish (1.2) by taking imaginary part. Its
detailed account is omitted.

Next, the formulas (1.1) and (1.2) when the involved parameter a and the
variable x are complex numbers are easily seen to hold true by the principle
of analytic continuation.
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