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A NEW CLASS OF DOUBLE INTEGRALS INVOLVING
GENERALIZED HYPERGEOMETRIC FUNCTIONS

JUNESANG CGHOU'* AND A, K. RATHIE®

AplsTracT, The ohjective of this paper is to evaluate two double inte-
grals involving generalized hypergeomaelric lunetions which are given in
Lwerr 1nified Forems and each of which containg 2% double inlegrals, The
resiulls are derived with the help of Fdwards™s double integral and the
peneralized Watson's siummation thecrem due to Lavoie ef af.

2010 MATHRMATICS SURIFCT CTASIIFICATION. Primury 331320, 33C20;
Seconcary 33815, 330045,

KLEYywOorDs asp pURASES,  Gamma function; Pochhammer sviubol;
Generalived hypergeomelric Ninction; Walson's summalion theerem;
Generalized Watson'’s surnination thecorem; Kdwards's double integral

1. INTRODUCTION AND PRELIMINARTES
Throughout this paper, let ©, % and N be the sets of complex numbers,
integers and posilive Integers, respectively, and
Hy:=Nu{0} ad Zj:=Z\N.
The natural generalization of the Gauss’s hypergeometric function £ is

ealled the generalized hypergeometrie series 8, (p, g € Ny} defined by {soe
[1]. [6. p. ;3} and [7, pp. T1-73]):
[
LB Gl np]
ol o 2| =
(l) By { .,3| v oee e g0 :| ; (j,”;)
= p’qu[ﬂ’h BRI 7N P f))g Z):
where (1), is the Pochliammer symbol defined (for A £ T by (see [7, p. 2
and p. B]):
. (A +n) \
Alp 1= ————= [(ACC\E,
( AT [1()‘) ( 0)
(2) 1 (n=0)
AMA=D ... (A 4+n—-1) (neclN}
and (A} Is the [amiliar Gamma [unciion. Here an empty product is Inter-
preted as 1, and we assume (for simplicity) that the variable z, the numeragor
parameters o, . ... ¢y, and the denominator parameters 31, ..., 3, take on
conuplex values, provided that no zeros appear i the denominator of (1),
that is,

(3) (8, eC\Z7: j=1,....q)
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For more details of £ including its convergenee, its varions special and
limiting cases, and its further diverse generalizations, among an extensive
literature, one weay refer to [1, 6, 7).

It is worthy of note that whenever the gencralized hypoergeometive function
pFy (including » F7 ) with its specified argument {for example, muit argnnent)
can be summed to be expressed in terms of the Gamma functions, the vesult
may be very important from hoth theoretical and applicable points of view.
Here, the elassionl summation theorems for the hypergeometric sovios o8
such as those of Gauss and Gauss second, Kummer, and Bailey; Watson’s,
Dixon’s, Whipple's and Saalschiitz’s summation theorems l[or the serles 3 F)
and othovs play important roles in theory and application.  During 1992-
1996, in a series of works |3, 4, 3], Lavole ef al. have generalized the above
mentioned classical smmation theorems for 585 of Wanson, Dixon, and
Whipple and presented a large number of special and limiting cases of their
resmlts. Those resnults have also beon ohtained and venfied with the help of
computer programs (for example, Mathematica).

In owr present investigation, we recall the lollowing classical Walson's
stunination theorem (xee, e.g.. [1, 6]; soe also [7, p. 351]):

1
2
(T (e+ DT (Ja— b+ HT(e—da—tb+)
(e + T (0 + 1T (- bar DT (o= b+ 1)

provided R{2c —a — ) = —1.

Lavoic ¢ el [3] established a generalisation of (4), which contains twenty
five identities closely related to (1), recorded in the following single form:
(5)

. . Mo
33

Yatbtio1), 204,
y T(a—3b+3i—5)T{c— /2l +5) Tle—Slad+b—|i+j—j—1))
T (3) T{a) T ()

_ St 2
1) = A2

(fa—d( (1)) ()
e Lol A L o) e loha)

Tes - D) T+

=0

fori. 7 =0, 1, 12 Here, [¢] denotes the greatest inleger less than or equal
to & and [#] is the absolute value of i, The cocfficionts A, By and Cj; are
given in the tables below.

I[Tere, in this paper, we aim to evaluate the following two classes of {pre-
stunably) new and (potentially) wseful innegrals associatod with generalived

(e Le+lG+D/2-LC DA (1) Tle sh+ [0+ 172)
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hypergeometrie funetions:

1 1
[ / ._gc‘. (-1 _ ;.{’,)c 1 (1 _ y)a:+€ (1 _ Ly] 2o £

SO0

. 2e—F—1;y(1
><3,’-12[ a. b, Zc 1; 4l

— )
%(a-—I—f)—'i—i— 1], 2¢ 4 4; ﬁjl o cly

1 1
[ f ya—ft+1 (J_ _ ;_.L,]c+f (1 _ y:)r.—] (1 _ ;"jj-_z;:}_-‘)'ﬁ'_j'-
SO S0

L a b2 €)1 1 —y |
' 35[ sla—b+i+ 1), 2c— 41 —ay i dy

(feZ and 4, 5=0 41, —2)

by wainly wsing the generalived Watson's suunnation theorem due to Lavoie
et al. (5) and the following double integral due to Edwards [2]:

1 S . o T ( rk } f { 3)
u 1 1 PR 1 T | —y— 3 Ty = SN
(6) ]L ] / (1 77 (L ay) Ay = ST 3y

provided Rie) > 0 and R(F) > 0. One hundred intevesting general donble
integrals are also given as special cases of the main results.

a1l

2, GENERAL INTEGRAL PORMULAS
Hore we present two classes of integral formulas involving the generalized

hypergeomictrie functions 3%, which are asserted by the following theorem.

Theorem 2.1. The following double miegral formulas hold true:

-1 pl
/ / YLl —m) (L= (L — gy
SO0 )

- a b, 20 £ 1ip(l ox)
(l) X%Fa|: (a W ]:];2(.‘|j;7]—;(;y
C T{eyT{e 1 €11) 0
 T2c+C(+1) T

da dy

ard
1opl
/ / AN CRIT) ea ) Ea CBCY) i
Jo o Jo
. a b 2l 1y
(é‘*) X%FZI:%(G,—I)—FE-FJ.) ZC—J [y d,l't‘i’i‘f
_T{eT{e+£-1) .
o {2e+f+1y T
au’arw Q is given ( ) £CH, andi, § =0, +1, +2, and provided R(c | £) »
O (Fely); MRe) = ¢ (e a_A\ MNp) and 5]?(26 —a—b4+14+2j—-1y =0

(i. j =0, —1. +2).

Proof. Let L be the left-hand side of (7). Expressing the 3F% in (7) as the
corresponding summation in (1} and interchanging the order of integral and
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stmnnation, which is guaranteed by the nniform convergenee of the series on
the interval, we obtain

- (G')N (b r:. )C+('—|- )
£= ”Z;] 11 1), (201 Glant

/ / r+n :L,)r::—-n—l (1 _y)c—{:' (1 :I:y)—‘Er_‘— f—n ()?.."I,‘{.If'_";.

FEvaluating the the double integral with the aid of (6], after a little sim-
plilication, wo gel

U (e+ £+ 1) i ()0 (B} ()0
TRe+i+1) = (5la+b+i+ 1), (2c+j)an!

Using (1). we have

_T{c)f(ché‘fl)‘ ; @, b

T T L{Zet i+ ¢ Sa+b—i+1),2¢+5:
which, upon cvaluating with the aid of (5), is led to the vight-hand side of
H)I

The lormula (&) can be esiablished in the same process as in the prool of

(7). So details of its proof are omitted. This completes the proof.

O

3. Srrcial CAsES

Here, as special cases ol the main resulis (7} and (8), we present one
hundred interesting integial formulas, which are given in the following four

corollaries. In [acy, in (7) and (&), lor #» € N, letiing b = —2»n and replacing
o by o+ 2n, or, letting b= 20 1 and replacing a iy a4 20 | 1, we find

that, in each case, one of the two terms appearing on the right-hand sides
of (( } and (8} will vanish. Then, under the given conditions. it is casy to
got one hundred desired integral formlas.

Corollary 3.1. The following integral formulas hold true:

(9)

| |
/ f .yr_w (.1 II‘-:]C_I [] U)r {'(1 :t‘y)_z""_ﬁ
o i)

] —2na+on 20481 (l — x)
><31*2|: 2({}_1_2_1); ZE—F,},TJ; ey
L (17 ] e
. T{edTle+f+1) (li)n (%“ -l %_ -1 B %{1 - (=1 )_)n_
YOTRe O ek d+[4]) (et ia-o),

Q (ned;fek i, =0 +1, -2},

where Dy are given in the table below.



A new class of double integrals involving generalized hypergeometric functions

Corollary 3.2. {he following integral formulas hold brue:
(1)

/f A L G ) L S
(+ 0

F —Q!L—](!‘l?!i‘,\] Qe | € 1yl —x)
X 3tz (a+z 1hZ2e+3 1 —ay

3 1 ] (A Jo 1 i
_ Iic)I'{e—¢—1) (2), (i”‘ CtI— 7 [% + 71+ ( 1)&)} )ﬂ
1% — = 1) (c+ X [JHD- [,a—l— (3_(_1}3))71
=e (nelNyfeZid, j=0 11, 12},

} diedy

where & ; are given in the table below.

Corollary 3.3. The following inlegral formulas hold lrue:

| | 3 o 3
f / _yr_‘:+£—| (] _ ;'J.’,‘)C_E (-l _ y:](!—l (] _ ;_{:y:]—l{_'—f
0 Jo

B 2, a+2n, 2c+F+1; L — -y
A La—i+1), 245 1=ny
= (neNyteZiij=0, 11 12),

eloddy

where (1 is defined as in (9).

Corollary 3.4. The followsing integial formalas hold tree:

1 1
[ /; _yc‘.+€+l (J_ _ m]cff (l _ _y}c 1 (l _ ﬂ"lj} 2¢ £
DAV
. 2n La+2n+1, 2c—£+1; 1 -
> 3;"2 1 _ 9
2[{:. i4+1), 2e+4:1 ayp
Q (neld;tek i, j=0 +1, -2},

(12) ddy

where (a ag defined as i (10},

We conclude this paper by giving further special cases of (9) and (10).
Setting i = j = 0 in (9) and (L0} ¥ields the following integral formulas:

[ o 0maam

C ] —2ne+2n 2o+ b+ Lyl -2}
(lj) > .31‘"2 |i %[” + 1) 2(:; m tf:x f!l’[
- . . 1 1 . ]
— l {C) l “-:_'F B l) (Z)n (ia - | 5)'” [ - N . ( e
= i 7 i ] n < Ny £ C )
{2c+ ¢ J') ((" l E)ﬁ. (E“ l i)n
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and

f / (-2 (™ (™™

—m—la—2n+1.2¢+i+1 y(l —x)

(14}
El(f?—I- 1. 2c0 1 —zy

el ely

Remark 1. The result (14) s intevesting as it can be scen that for all £ C %,
the value of the double integral is zero.

TapLe 1. Table for A;;

AN 2 | | o [-t] -2 ]
_9 ) ) ) ) 1
2{e—1{a—h—11la—h—1) {o—11{a—h) 2e—11 | =1 | 2[e—1)
1 1
-1 Ho—b-—11a-h11) e b 1 1 1
1 1 :
0 e & 10 u 641 b 1 2 1
| | ¢ ]
1 Hoa—b=T)u—0b+1) 2{a—h) 1 2 =
5 1 1 1 |2 | 2
: Rle—{a—b—11{a=b—1} | 2{c—11Ta=81 | 2(n+1] | «I1 e 1

Here
B oags=cla+b-—11—(a+1)b+1)+2;

Boagi={r a 1l b L+{c 1) 2}
By 1 =2e—1}e=21—(a—-b)v—~H-1}

B oo 2 =2c—1}ec=2{2ec—T}al b—1)—ala 1}—06b 1)1 2}
—le—b—1a—b 1 (le—D2e—a—-b-3) | ab};

Bop :=2e(c+ U{(2c+ D{e+bd 1) ala 1) Hb L)}
(« & Die b+ {{e+D{2¢ « b—1)4cb}:

B 1, 2:22((:—])(@. \ f’*‘—]}—(a.—b)z |1

Byoi=a2¢ a)+h(2¢ b)) 20—1;
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Tapue 2. Table tor B;;

AN R L | 2 ]
-2 B_as | e—b—1 |80 B_a_1 B_y _n
-1 e—b6+1 1 1 Ze—a+b-2| B
i} By 1 1 L By _o
1 B s 2e—a+b 1 L a+b—1
2 B4 By Byn c—h—1 By _s

Bo—z 1= a(2c — a) +b(Ze — b) — 26+ 1;
B = 2ea 40 1)~ (o - -
By i=2clc+ 1) — (a—b)le—b— 1)

Bog:=1¢ a+1}e b+1)—cle—1)

By oi=cla+b 1) (o 13H 1.

Coa 1:=2(c=1)c=2) {a—blc—a—T)
C o _o:=4(2¢ a+b 32c+a b 3%
Cq, 0= 82 — 2 — Waltb T)y—lan- b:]z -7
Cra= —8c2 4+ 2ela+b— 1+ (-0 - L
Coni=—4{2c+a—b—1)2c—a—b+1):
Coyi=—2¢le | 11— {a—Hle—al 1)
(a —1){{c— L}a — 1) + 2n{a — 2n}}
I)"_I__Q = — — - — ;
' (c—LHa+4An—1)(e—14n+ 1}
Py (a4 1)(e—1)
T et ant Dia—dn - 1)
(e | D{{a —1%2c—a—1) —4nla | 2n)}
Dy = ;

(2c—a—1a—dn+ La+1n — 1)
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TapLe 3. Table for C;y

AN I R NS N I B N N
-2 —1 —((:— i1 — 1] 1 C,g:,| C*Z,*i
-1 —(-"l(ﬁ:—{l—b—:ﬂ -1 1 |2c4+a—-5b—2 C_],_g
{ —& —1 ] 1 &
1 Clu —(2e—a—"0)| -1 1 de—n—b4+1
2 Con Ca | r—a-+1 41
Taprw 4. Table for D
A S N N S N
2 Dy, Dy_1 Dy Doy Dy
wiet+2n 1) ] wi2e o dn) .
1 [e=1)(er Are) u--f‘iu. u-:"lr!- [Z2o—a)lu An) D2
0 DU_\—Q 1 1 1 Do__g
-2 D g 2 Dogo1 Do 1 D 22

_ (a+1){{a — 1)(2¢ —a — 1) — 8nla + 2n)}

Na g

(2e—a—1Do—4An+ 1o +1n - 1)

Dy

= e+ 1¥2e—a+1)(Zc—a— D{a+dn+ 1)(a—dn - 1)
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whore

Moo = (4 + 1}{(a e+ D(2e—a+ D2 —a—1)

2an(6e—a+3)(2¢ a+1)

+ 40’ (5a® 4+ 1a— 5 —1c(3e —a+ 1) + 61n’ (e + n)};
Dy e af{{c+ 12 o)
’ [

(

2n(2c —a + 4n + 2)} .
| 11(2¢ —a)a | 4n)

n 1 2nla+ 2n) _
G o D2e—a—3)

. 2nla + 20

Dys:=1- ( )

1 )2e—all)
Do yim Hn(zc. @+ 4n );
' (e —1){2¢—a — 1)
JN"—_Q =
™ =1- - — -
22 (0 Ve 1M2¢ o 332
where

w 5y
N_o_o =2an(bc+a T2 « 3) 40%05e? 4o 21
—de(3e—a— &) — 6int{a + n);

Snla 4+ 2n)
Do ogi=1- ' ;
5 (¢ 1}2¢ a 3}
dnfa 2n) )
(& —1)(2c—a—1})]
2nla + 2n)
D =1 — .
22 | (¢c+1)a 1)

Dy i=

Here
£ . fa+ 1}{2¢—a—13) _
T G Llat I+ Da—1An +3)
& {0+ 1de w 3) )
PV e e 4 D(a [ 4 3y
. Ha+1
£y e (a+1)

(o4 1n+1)(a+ 10— 3):
£yyim fa e lal 32c—a—-1)—8aa 2n| 2}}
3 (a1 4 | D dn 1 32| )2 —a—-1)
o le=D2c4a—An+3)2c—w—1In-1]
Tt n+ Dlat+in—3c+ (2 —a— 1)
£l e (e 1a 2)2—a)—2nBa—2¢ | 4n
- (c+ 1)(2c — a)(a+ 4n — 2} '
¢ et a){2e—a—4) = 2n(3a — 2c + 1n 4 6)
c L2 aln 2e+4)(¢ 1)
£, (2¢ 1 a | 4n—1)(2c—u—4n—5)
T (1 —a)c—13{2c—a— 3}

Cry

2)
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TapLk 5. Table for & 5

RN —2 [ —1 | 0 ] 1 2
2 Ea s Exn &l Ean
1 n—i—Hn—2 2o—n—>3 1 Brtatdn42 E- .
le—la—an42) | 2e—1{e—an+2) | a—dn42 | (2e—1]{a—4n—2) ‘1,2
1 1 1 1
0 T« T Zc 0 I—2¢ T+c
1 g 5 2etn—dn 1 n—i4r t—n—1in
- 12 al 1 —2c) % nl2n4+1) a{ot+1]
9 coL, [l 2 le a—1 2 a+l
= 2,2 =2 [T I—a)(2c11) 1—wite 1)

(dc —a—1){2c— 0 —3) — 8nla + 2n + 2)

Eorm o= (@ — D)o —2¢ - 3)(2c— 1)
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