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1. Introduction

The Humbert functions W, @, and &3 (confluent forms of the Appell hypergeometric
functions of two variables) are defined by the series (see, e.g. [1-5])

Ws(as ¢, 5w, 2) = Z Z (E;l:g;” 1Vl‘:‘rzn' (D
() (V) WrZ™
CI) b b > > - 12
2(b, b5 6w, 2) = ,;)m:) Okem  kim! 2
and
o (D whe”
b b; s W, = 1.3
3(b; 6w, 2) ;n; (Okm klm! (13)

which converge absolutely at any w, z € C.
Some relations between the Humbert functions and hypergeometric functions are
available in the literature [2,3,6-9]. These are

Wy (a; a, a; w, 2) = "7 oF) (a3 w2z), (1.4)
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a a+1
Wy (a; ¢, ¢ 2, —z) = 2F3 2C 62+ 1;—22 , (1.5)
C)_>
2 2
c+cd -1 c+/¢
a) —)
Wy (a; ¢, 5 z, z) = 3F;3 2 2 4z, (1.6)
oc,c+cd —1
/ / e b
Db, b b+ b5 w, 2) =1 F b+b/;w—z , (1.7)
/
By(b, Vs G 2, 2) = 1 Fy (b £ ;z) , (1.8)
a 2
z
Sy, a6z, —2)=1F | ¢ c+ L (1.9)
27 2

Reduction formulas for
z
D, (b,m;2b+ m—n;z, E>’ Oy(b+mb +mb+b —p;w,z2),
®,(2n,1;4n + 1, w, 2),

3
D,(2n, 1;4n + 3;w,2), D3 (m+1;§—n;w,z), <m+1 n+ - ,w, )

where m, n and p are arbitrary non-negative integers, can be found in [10].
The following expansions which are useful for derivation of new reduction formulas
were obtained [11,12]:

(1) Fore,cd #0,—1,-2,...,

= (a) —m, —m —c+1 z\ w"
Wy(a; ¢,¢s w, 2) = Zﬁzﬂ( e ;;)W (1.10)
(2) Forc#0,—1,-2,...,
/ = (b)m —m, b/ z wm
Da(b, Vs ¢ w, 2) =r;) o 2h (1_b_m;;> o (1.11)

€)

m 2
CD3(b G w, Z) = €W+Z/W Z ) 2Fp ( m,b ¢ m+ l; W—) 5 (1.12)

c z

some special cases are considered. It is not out of place to mention here that the
expansion for @3,

D3(bs s wy 2) = ) (bﬂla( " ;5) Ly (1.13)

‘ (Om l—b—mw) m!
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follows from (1.12) due to the confluence formulas [11,12].By appropriate application
of the Gauss formula [13]

ab \ _ T'@I'(c—a—b) o
2F1< c ,1> = F(c—a)F(c—b)’Re(C a—>b) >0, (1.14)

or the Kummer formula [13]

F( a,b __)_F(%+1)F(a—b+1)
2 : TT@+DIE-b+1)

we can easily establish the results (1.5), (1.6) and (1.9).

sReb < 1, (1.15)

The main purpose of this paper is to obtain several general reduction formulas for
Humberts functions ¥,, ®, and ®3.

The reduction formulas will be derived with the help of following generalizations of the
Kummer formula (1.15) written in a slightly modified form [14] where n = 0, 1,2,.. .:

. ab [\ _2"HPTb-ml@—b+n+tl)
Na—b+n+r T I'(Wl@—2b+n+1)

1—1 ( a+k+n+1 b)

X Z( 1) < )W, (1.16)
2

and
a,b 27 (g—h—n4 1)
2k ;—1) =
a—b—n+1 F(a—2b—n—|—1)
F(a+k n+1 b)

The results (1.16) and (1.17) for n < 5 are recorded in [15].

2. Reduction formulas for ¥,

In this section, we obtain several reduction formulas for W,.
(I) Forc #20,—1,—2--- andn =0, 1, 2,.. ., the following result holds true:

Wy (asc,c+ n3z,—2)

B (_1)n22c+n—21—w(c) n f n
T TQc+n) g(_l) (k)

a a—i—l n—k+1 n+k—1
(2c+n—1)F(c+k+"1 2 > T
k= nil) 1 c+n c—|—n+1 n—1 v
E )C+ 2 ;C+§
a+1 a n—k n+k
4azF<c+l%) > §+1, +1,c+ >
+ 4F5 ;=2
(c+mT u) 3 ctn+1 c+n+lc+nc+n+1
? 2 2 2 Ty 2

(2.1)
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Proof: Setting w= —z and replacing z by —z, and ¢’ by c+n respectively in (1.10), we get

\Ilz(a;C)C—i-}’l;Z,—Z):Z_zFl C+n m'

o~ (@m [—m, _m_c+1__1] 2"
©m ’

m=0

Using the result (1.16) and separating the series into two parts with even and odd powers
of z and summing up the series with respect to m, we arrive at the right-hand side of (2.1).
This completes the proof.

The result (2.1) for n < 5 is recorded in [15].

In exactly the same manner, the following three general reduction formulas can be
established by using the results (1.16) or (1.17).

(2)For¢,c—n#0,—1,—2--- andn =0,1,2,..., the following relation holds true:

W, (a;¢,c — nyz, —z)

_22C_"_2 C(c—n) — <n>
 T'Qc—n) Z k

k=0

aa+l n—k+1 k—n—1

. (2c—n— DI (c+ =41 1227 2 T 2
I (k=) o leewt mong1
2’27 27 2 2
a+1 a n—k k—n
4aZF(c+ ]%) b >E+1; +1Lc+ )
=0 U3 c41 ¢ n n—1' % ' 22)
2 > s+ Le—S,c—
27 2 72 2 2

(3)Forc#0,—1,—2--- andn =0, 1,2,.. ., the following relation holds true:

Wy (a;c,2 —c+mn3z,—2)

n

(=2 k(7
- onl kg(;( D (k)

aa+l c+n—k n—c+k

k—c+ 1, -, , , 1
A §"+1)5F6 2 2 2 > 2
F(kf%+1) n+1 n cc+ln—c n—c+3

2 72 72 27 2 T2
—c+k+3
4az =52

T D2—crn [ (k=entl)

a+1 a c+n—k+1 n+k—c+3
I, ——— = +1, s
. 5Fg 22 2 2 ;=22 | ¢ (2.3)
n+1 n+3 c+1 C+1 n—c+3 n—c+2
2 7 27 2 72 7 2 72
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(4) For ,2—c—n#0,—1,-2--- and n =0,1,2,..., the following relation holds
true.

Wy(a;¢6,2 —c—n;z,—2)

aa+l c—k+nk—n—c

— (n > 2 2 o 2 b,
— 9N .
=2 ;(1;) 4Fs 1 ¢ c+1l c+n3—c—n’ o
a 2220 27 272
a+1 a 1c—k—l—n—i—l k—n—c+3
2a(c—k+n—1)zF P ’5+ ’ ) ’ D) 2
clc+n—2) 4 3c¢c+1 ¢ 3—c—n c+n
) )_+1> )2_
202 2 2 2
(2.4)
(5) Further results for W,.
Setting ¢ = ¢’ = 1 in (1.10), we get
00 k k+1 k
11 (@)k T 2z |w
W, (a; - T3 W, Z)= Z T 2h s — | —. (2.5)
22 mmo (Du ! Wk
2
Using the Euler transformation
— z
2P (a,ﬂ;z) =(1-2)7"2F (a,y 'B;——> , (2.6)
Y 14 1—-2z
we have
—k, k
11 >, (a ’ z
Wla = 5wz =Zﬂ(w—2)kzF1 1 s . (2.7)
272 3k - z—w
k=0 ‘2 2

Due to the formula [4, (7.3.3.3), p. 486]

—a,a
2Fy

152 :%[(\/1+zz+Z)2“—|—(\/1+ZZ—Z)2“] 2.8)
2

and summing up the series, we get

11 1 a a
v, (a; 2 E;W’Z> =3 B LWwH V22 | 1R | LWw=V22] . 9
2 2

Also, using the connection with parabolic cylinder function [4, (7.11.1.9), p. 579]

a a—1

1
iz | = 7 r (a + 5) 2 [D_24(—v/22) + D_2,(~/22)], (2.10)

1F1

1
2
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we obtain
11 2072 ewHa)/2 1
\I—’z <6l; E,E;W,Z> = TF (a + E)
x {e/"EID_20(=V2(/W + V) + D22 (V2w + /2)]
+ & YVED (VW = V2) + Do 2w = VD]

(2.11)

Further, if we put a=—n in (2.11), where # is a non-negative integer and making use of

the result [4, (7.11.1.19), p. 580]

—n
1Fy |: 1 :| = (- 1)"(2 '), Hyu(V2),

2
we get
11 _ (=
lIJZ —1’1,2,2 W, Z | = (2 )' HZH(\/_+\/_)+HZH(\/_ \/_)]
where H,(z) is the Hermite polynomial [16, 8.2(9), p. 117] and

2 z
Dy(z) = 272 % /4 Hy, (— .
V2

(6) Setting c = % d % and making use of the relations
1

a—l—z

F ; 2 - - 1 1-2a 1— 1-2a ,
2B 3 z 2z(1—2a)[( +2) (1—2)""]
2

a 2a—5/2 1 1/2
1F1| 32| = Tz r (a — E) ! %[D)_54(—~/22) — D1-24(v/22)]

22n+ 1!z

—n —1)"n!
1F1 |: 3 ;Z:| = %HZVH-I(\/Z),

we obtain the following representations:

13
\IJZ a, —, 3w, 2
(v332)

2a=7/2 o(1/2)(w+2) ( 1)
= a— —

JTz 2
x {eV"VZ[D) 2a(—V2(VW + V2)) — D1_2a(v2(W + v/2))]
—e V"V [Dy_y(—V2(JW — V/2)) — D1_2a(N2(W — YD)},

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)
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3 —1)"n!
v (—n; S z) = (W V2) — Honpr (VW — D). (2.19)

42n+ 1!z
[ |
3. Reduction formulas for ®,
In this section, we establish several reduction formulas for ®,.
(1) Forc#0,—1,—2--- andn =0, 1,2,..., the following equality holds true:
DO, (b, b+ n;¢2,—2)
272-np(1— b)) & n
= Y b
b)), T'(1 —-2b—n) p k
n+1 b n b n—k+1
s T Ty 2
[ (k=ntly Tl e+l n—k+1 " 4
2 o T b) + b
22 2 2
n + 1
Qo mzT 5 b FhIAbELI T
———3F, i B O ER))
c F(T” 3C+1C+1n_k+b+1 4
27 2 72

Proof: Replacing b’ by b+n, z by —z and w by z in (1.11), we have

m
Oy(b,b+n62,—2) = Z Eb;:: 2P [1 T’bbjr:;—l] %
Using the result (1.16) and separating the series into two parts with even and odd powers
of z and finally summing up the series with respect to m, we arrive at the right-hand side
of (3.1). The result (3.1) for n <5 is recorded in [15]. In exactly the same manner, the
following result can be established by using the relation (1.17).
(2) Forc #0,—1,—2--- andn =0, 1,2,.. ., the following formula holds true:

D,(b,b —n;¢;,2,—2)

n2—2h+nr(1
= (-1) 2b+)2<—>()

b nb n—1n—k+1
F(VH‘]Z(-‘FI _ b) - E: 2 )T Z2
X —3F4 ;—
F(’%ﬂ) lf c+1 1—k—n b 4
2’27 27 2
Lo b L
d%_mrﬁy—ml: + —‘+ 7 2
- = 3k =Y. 32)
c (%) c+1 c n+k 4

> —+11+b
2

N | W
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(3) A reduction formula for ®,(b,b’;c+ r;w,z) can be derived using the integral
representation [10, (4.1), p. 8]

1 1 /
Oy (b, bsc+rw,2) = / TR B Ut o [b; wt] 1F1 |:b ;2(1 — t)i| dt. (3.3)
B(c, 1) Jo c r
Posing b’ = r = 1, we get
! b
®y(b,1;¢+ 13w, 2) = cé? / L™ F |:C; wt} dt. (3.4)
0
Application of the differentiation formula [7, (4.13), p. 798]
DI 0y (b by w, 2)] = (B)u2” T 02, b + 56w, 2) (3.5)
with ¥ = 1and ¢ — ¢ — 1yields
DI[Z"®y(b, 1; 6w, 2)] = n!®y(b,n+ 156w, 2). (3.6)
Thus, using the formula
Dg[z)‘ e’ = n!z)‘_”e“ZLﬁ_”(—az), (3.7)

we get

n k 1
—1
Dy(b,n+ 1;6w,2) = (c — 1)éf E ( k') szﬁ_k(—z)/ k=212 | [cf 1;wl‘:| dt.
k=0 0

(3.8)
If we take ¢ =2b+1 and use the second Kummer formula [4, (7.11.1.5), p. 579]
b s 1/2—b z
[ e (14 ) O )
we get
Db, n+ 1;2b + Lyw, z) = 220 wl/27be?T (b+ )Z—Lk L(2)
t
. / k=g (w2212 (K) dt. (3.9)
0 2
For w=z, we can evaluate the integral and obtain the following reduction formula:
n k
(—2) k b,k +2b
. . — z _ > -
Oy(b,n+ 1;2b+ 1;2,2) =2 be ; TP L (=2 2P |y Sy
(3.10)
In exactly the similar way, we can obtain the reduction formula
k
Nk bty 2
. . —_— Z p— [
Dp(n+1,b;2b + 152,22) = 2be” Y g 2p) k(2 F L
k=0 b+ =,b4=+1
2 2
(3.11)

(4) A reduction formula for ®, (b, b’; b + n; z, z) can be obtained as follows:
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If we take c=b,r=nw=zforn = 1,2,3,... in the integral representation (3.3), we get

(b)n
(n—1)!

1 /
D, (b, bib+nz, z) = f tbil(l — t)niletz 1F1 |:l:l;z(1 — t)j| dt. (3.12)
0

Evaluating the integral, we obtain the representation

7 n—1 —lk -1 L
Dy (b, Vs b+ n32,2) = (b)ne =D (” >2F2|: Ln—b z]. (3.13)

(n=1I = k+b\ & mk+b+1"
[ |
4. Reduction formulas for &3
In this section, we establish two general reduction formulas for ®3.
(1) The following result holds true:
b—n
O3 | by— + 152, —2
2
b—n+2k+2 2—-2k—b+n
n bl
_ n 4 4 2
=2 " F s —
Z(k) 2 1 b—n+2 b—n ‘
k=0 [ T +1
2 4 4
b—n+2k b—n+2k
- 41—
2(b—n+2k)z F 4 4 5 @1
I o i —2Z . .
b—nt2 2° 3b—n b—n+6
27 4 ’ 4
forn=0,1,2,...

Proof: Replacing z by —z? in (1.12) and posing w=z, ¢ = (b — n)/2 + 1, we get

b+n
b—n >, 2" e
O3(b; —— + 1;2,—2°) = —F ;—1
3( 5tz z°) Zm!21 b
m=0 3 +1

Using the result (1.17), separating the series into two parts with even and odd powers of z
and summing up the series with respect to m, we arrive at the right-hand side of (4.1).

In exactly the same manner, a similar result can also be established with the help of the
result (1.16).
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(2) The following result holds true:

b
D5 (b; % + 152, —zz>

(_2)11 n e F(b+n+2k+2)
= 2D (k){r(—%

k=0
1b+n+2k+2 2—2k—b+3n
’ 4 ’ 4 2
SF. .
3T n+1 n b+n+2 b+n+1 ¢
2 720 7 4 7 4
8z NG )
+
(n+1D(b+n+2) b=tk
b+ n+2k b—3n+2k
I,T-l-l,l—T
.3F ; —22 4.2
- no n43bdn  btn+t6 ‘ (42)
2 77 27 4 T4
forn =0,1,2,....If n=0, the representations (4.1) or (4.2) yield the formula:
2—b ) b
b 2bz T4
®3(b; — + 1,2, —2%) = {F — —— F e 43
3(2+ZZ)121b Z+b+2123b+6z (4.3)
_)_+1 _’_
2 4 2 4
[ |
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