See discussions, stats, and author profiles for this publication at: https://www.researchgate.net/publication/318250389

A note on generalizations of two results due to bailey

Article in Far East Journal of Mathematical Sciences - July 2017

DOI: 10.17654/MS102020425

CITATION
1

1 author:

Junesang Choi
W Dongguk University-Gyeongju Campus
407 PUBLICATIONS 5,420 CITATIONS

SEE PROFILE

Some of the authors of this publication are also working on these related projects:

rus | Interntaional Bulletin of Mathematical Research View project

muet | Hypergeometric Functions and Their Applications View project

All content following this page was uploaded by Junesang Choi on 13 July 2017.

The user has requested enhancement of the downloaded file.

READS
153

ResearchGate


https://www.researchgate.net/publication/318250389_A_note_on_generalizations_of_two_results_due_to_bailey?enrichId=rgreq-e1a8d5fb999580a5a34a31bd652297f3-XXX&enrichSource=Y292ZXJQYWdlOzMxODI1MDM4OTtBUzo1MTU1NjEzMTAzODgyMjRAMTQ5OTkzMDgwMzc1Nw%3D%3D&el=1_x_2&_esc=publicationCoverPdf
https://www.researchgate.net/publication/318250389_A_note_on_generalizations_of_two_results_due_to_bailey?enrichId=rgreq-e1a8d5fb999580a5a34a31bd652297f3-XXX&enrichSource=Y292ZXJQYWdlOzMxODI1MDM4OTtBUzo1MTU1NjEzMTAzODgyMjRAMTQ5OTkzMDgwMzc1Nw%3D%3D&el=1_x_3&_esc=publicationCoverPdf
https://www.researchgate.net/project/Interntaional-Bulletin-of-Mathematical-Research?enrichId=rgreq-e1a8d5fb999580a5a34a31bd652297f3-XXX&enrichSource=Y292ZXJQYWdlOzMxODI1MDM4OTtBUzo1MTU1NjEzMTAzODgyMjRAMTQ5OTkzMDgwMzc1Nw%3D%3D&el=1_x_9&_esc=publicationCoverPdf
https://www.researchgate.net/project/Hypergeometric-Functions-and-Their-Applications?enrichId=rgreq-e1a8d5fb999580a5a34a31bd652297f3-XXX&enrichSource=Y292ZXJQYWdlOzMxODI1MDM4OTtBUzo1MTU1NjEzMTAzODgyMjRAMTQ5OTkzMDgwMzc1Nw%3D%3D&el=1_x_9&_esc=publicationCoverPdf
https://www.researchgate.net/?enrichId=rgreq-e1a8d5fb999580a5a34a31bd652297f3-XXX&enrichSource=Y292ZXJQYWdlOzMxODI1MDM4OTtBUzo1MTU1NjEzMTAzODgyMjRAMTQ5OTkzMDgwMzc1Nw%3D%3D&el=1_x_1&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Junesang-Choi?enrichId=rgreq-e1a8d5fb999580a5a34a31bd652297f3-XXX&enrichSource=Y292ZXJQYWdlOzMxODI1MDM4OTtBUzo1MTU1NjEzMTAzODgyMjRAMTQ5OTkzMDgwMzc1Nw%3D%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Junesang-Choi?enrichId=rgreq-e1a8d5fb999580a5a34a31bd652297f3-XXX&enrichSource=Y292ZXJQYWdlOzMxODI1MDM4OTtBUzo1MTU1NjEzMTAzODgyMjRAMTQ5OTkzMDgwMzc1Nw%3D%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Junesang-Choi?enrichId=rgreq-e1a8d5fb999580a5a34a31bd652297f3-XXX&enrichSource=Y292ZXJQYWdlOzMxODI1MDM4OTtBUzo1MTU1NjEzMTAzODgyMjRAMTQ5OTkzMDgwMzc1Nw%3D%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Junesang-Choi?enrichId=rgreq-e1a8d5fb999580a5a34a31bd652297f3-XXX&enrichSource=Y292ZXJQYWdlOzMxODI1MDM4OTtBUzo1MTU1NjEzMTAzODgyMjRAMTQ5OTkzMDgwMzc1Nw%3D%3D&el=1_x_10&_esc=publicationCoverPdf

Far East Journal of Mathematical Sciences (FJMS)

© 2017 Pushpa Publishing House, Allahabad, India

http://www.pphmj.com

http://dx.doi.org/10.17654/MS 102020425

Volume 102, Number 2, 2017, Pages 425-431 ISSN: 0972-0871

A NOTE ON GENERALIZATIONS OF TWO RESULTS
DUE TO BAILEY

Junesang Choi* and Arjun K. Rathie

Department of Mathematics

Dongguk University

Gyeongju 38066, Republic of Korea
e-mail: junesang @mail.dongguk.ac.kr

Department of Mathematics

School of Mathematical and Physical Sciences
Central University of Kerala

Tejaswini Hills, Periye P. O. 671316, Kasaragod
Kerala State, India

e-mail: akrathie @cukerala.ac.in

Abstract

Elementary proofs of generalizations of two results, due to Bailey,
involving the product of generalized hypergeometric functions, are
provided.

1. Introduction

Bailey [1] established a large number of very interesting results
involving the product of generalized hypergeometric functions by employing
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classical summation theorems such as those of Gauss, Gauss second,

Kummer and Bailey for the series ,/;, Watson, Dixon, Whipple and
Saalschiitz for the series 3F,. For the details of the generalized
hypergeometric functions ,F,, we refer, for example, to [5] and [8, Section

P q
1.5].

We recall the following two results due to Bailey [1]:

= 32" (2a), cos(%)% (1.1)

n=0

Lo+ 1/2; 2
(1—X)_2°L2Fl{aa % __x }

120 (1-x)?

and

o+ 1/2; 2
(hx)‘“ﬁ[“ /% __x }

3/2; _(1 - x)?
3 & (n+1)/2 . ((m+Dr) x"
= nZ_(:)Z (2a), sm( 7 )(n O (1.2)

where (1), denotes the Pochhammer symbol defined (for A, v € C), in

terms of the familiar Gamma function I', by

_Tv)_ {1 (v=0,% € CO)),

M)y Y AMA+1)--(A+n-1) (v=neN;LeC). ()

Here and in the following, let C, R*, R™,Z and N be the sets of complex

numbers, positive real numbers, negative real numbers, integers, and positive
integers, respectively, and, let

Ny :=NU {0} and Z; := Z\N.
It is interesting to observe that, in (1.1) and (1.2), if we replace x by

% and let oo — oo, after a little simplification, we get the following results

which are also due to [1]:
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2

e OFlL/_z' —XT} _ ;)2"/2 cos(%)% (1.4)

and

-1

e* 0171{3/2 7 } 22”/2 sm[nnj I (1.5)

The results (1.1), (1.2), (1.4) and (1.5) were established by Bailey [1]

who used the following classical Kummer’s summation theorem (see, e.g.,

(5, 8)):

a, b; F(l+%ajl‘(1+a—b)
2171{ —1} = I (1.6)
I+a-b; F(1+a)1“(1+§a—b)

RB)<L1+a-beC\Zj).

Choi and Rathie [2] presented the following generalizations of Bailey’s
results (1.1), (1.2), (1.4) and (1.5):

a, o+ 1/2; p2y2 }

—2a _
- 21:1[ 12, a*(1-x)

2 2\n/2 _n
= 2(200 cos(n@)%, (1.7)

n=0 a n:

R
3/2; a’(1-x)

2\(n+1)/2 _n
_ Z(2oc) sin((n + 1oy @ 2T (1.8)
=0 a" bn!
& OF{; —bzxz} = icos(ne)(a2 + b2y L (1.9)
1/2;  d* s an!
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and
—; b2x2 O . ) 2 n/2 xn—l
Y N, 0)(a? + b2)"/> X 1.10
o]y |- Do PP
where 0 is given, here and in what follows, by
b +
arctan| — (a, b e RT),
b - +
n—arctanm (eaeR;beRY),
0= , (1.11)
arctan(%) -t (a,beR),
—arctan(%) (aeRY;beR).

They [2] obtained the results (1.7)-(1.10) by using the following two

summation formulas due to Qureshi et al. [4]:

nol=-n_ 2 2 2\
ZFI[ PR R }:(“ +i) cos(10) (1.12)

2
1/2; @ a

(n@ # 2k2+ ! n (k € Z))

and

nl-n_ 9 2, 12\(n+1)/2
2F1[ PR R }:(a +b7) sin((n +1)0) (1.13)

3/2; a’ (n+1)a"b

(n+1)0 = kn (k € 7).

Also, Choi and Rathie [2] proved (1.12) and (1.13) in an elementary way.
Choi and Rathie [3] showed (1.9) and (1.10) in an elementary way without
using (1.12) and (1.13).
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Qureshi et al. [4] presented the following extensions of (1.9) and (1.10):
0 [ 2 2\n
e cos(bx +¢) = Zcos(ne + c)% (1.14)
n=0 )

2k +1

(n6+c¢ n(keZ,neNo)j

and

(1.15)

® 2 2\n
e™ sin(bx + ¢) = Zsin(n@ + c)w
~ n!
(n6 + ¢ # kn (k € Z, n € Ny)).

Sukanya et al. [6] established (1.14) and (1.15) in a very elementary way.
Sukanya et al. [7] also proved (1.1) and (1.2) in a very elementary way

without using Kummer’s summation theorem (1.6).

Here, we aim to prove the results (1.7) and (1.8) in an elementary way

without using the summation formulas (1.12) and (1.13).
2. Derivations of (1.7) and (1.8)

We establish the identity (1.7). To do this, let £ be the right-hand side of

(1.7). First, we assume that x and a are real,

c- R{z (o, (_JT)}
n=0
_ m{i CONSTE ib)j"}
n=0

o 2201

—_

E—) a

b
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By using the binomial theorem (see, e.g., [8, p. 67, equation (22)]):

(-2 %= @, (eetz|<,
n=0 )

we have
ooy
= ‘J%{((l - x)— ing_za}
Then we get
L£=(1- x)‘z‘*m{(l = a(l"L_xx))_m}
sl ]
~(- x)‘z“m{i (e ))}
n=0
We have
L-(- x)-m;(—n" Ol ()
Using
(2a),, =2*"(a), (o +1/2), and (2n)! = 22"(1/2), !,
we obtain

o 0 (Ot)n((x 12)n b2 n
£-q-aey i ( az(l—xf} |

which, upon using the notation , F7, is equal to the left-hand side of (1.7).
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When x and o are complex numbers, by the principle of analytic

continuation, (1.7) holds for suitable complex numbers x and o. This

completes the proof of (1.7).

The proof of (1.8) would run parallel to that of (1.7). So, its detailed

account is left to the interested reader.
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