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Abstract 

In the theory of generalized hypergeometric functions ,qpF  among 

other things, summation, transformation, and product formulas are 

important. In the literature, there exist only a few results involving 

square of generalized hypergeometric functions. The objective of this 



Junesang Choi and Arjun K. Rathie 

 

1594 

paper is to provide explicit expressions of three types of 
2

11F  in the 

most general form. The results presented here are derived with the 

help of generalizations of Kummer’s second theorem. We also 

consider some special cases of the main results given here, one of 

which is pointed out to be reduced to a known identity. 

1. Introduction and Preliminaries 

We begin by recalling the following well known and useful 

transformation formulas due to Kummer [4]: 
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Bailey [1] proved (1.1) with the help of the classical Gauss’s summation 

theorem (see, e.g., [2, 3, 7, 10]): 
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and (1.2) by using the classical Gauss’s second summation theorem (see, e.g., 

[2]): 
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Rathie and Choi [9] derived the following formula which is equivalent to 

(1.2): 
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by employing the Gauss’s summation theorem (1.3). 



See discussions, stats, and author profiles for this publication at: https://www.researchgate.net/publication/316093082

TZo geneUal UeVXlWV inYolYing VqXaUe of geneUali]ed h\peUgeomeWUic VeUieV and a
companion UeVXlW

ArticleddinddFar East Journal of Mathematical Sciences { April 2017

DOI: 10.17654/MS101071593

CITATIONS

2
READS

134

2 aZthors:

Some of the aZthors of this pZblication are also \orking on these related projects:

A stud^ of extended classical summation theorems with applications View project

Generali_ed H^pergeometric Series View project

Junesang Choi

Dongguk Universit^-G^eongju Campus

407 PUBLICATIONSddd5,420 CITATIONSddd

SEE PROFILE

Arjun Kumar Rathie

Vedant College of Engineering & Technolog^ (Rajasthan Technical Universit^), Bundi à

267 PUBLICATIONSddd1,377 CITATIONSddd

SEE PROFILE

All content following this page was uploaded b^ Junesang Choi on 13 April 2017.

The user has requested enhancement of the downloaded file.

https://www.researchgate.net/publication/316093082_Two_general_results_involving_square_of_generalized_hypergeometric_series_and_a_companion_result?enrichId=rgreq-70688a3d0c9f6b1e1fce76bca4e317fa-XXX&enrichSource=Y292ZXJQYWdlOzMxNjA5MzA4MjtBUzo0ODI4MjEwMTQ4NTU2ODBAMTQ5MjEyNDkwOTAxMA==&el=1_x_2&_esc=publicationCoverPdf
https://www.researchgate.net/publication/316093082_Two_general_results_involving_square_of_generalized_hypergeometric_series_and_a_companion_result?enrichId=rgreq-70688a3d0c9f6b1e1fce76bca4e317fa-XXX&enrichSource=Y292ZXJQYWdlOzMxNjA5MzA4MjtBUzo0ODI4MjEwMTQ4NTU2ODBAMTQ5MjEyNDkwOTAxMA==&el=1_x_3&_esc=publicationCoverPdf
https://www.researchgate.net/project/A-study-of-extended-classical-summation-theorems-with-applications?enrichId=rgreq-70688a3d0c9f6b1e1fce76bca4e317fa-XXX&enrichSource=Y292ZXJQYWdlOzMxNjA5MzA4MjtBUzo0ODI4MjEwMTQ4NTU2ODBAMTQ5MjEyNDkwOTAxMA==&el=1_x_9&_esc=publicationCoverPdf
https://www.researchgate.net/project/Generalized-Hypergeometric-Series?enrichId=rgreq-70688a3d0c9f6b1e1fce76bca4e317fa-XXX&enrichSource=Y292ZXJQYWdlOzMxNjA5MzA4MjtBUzo0ODI4MjEwMTQ4NTU2ODBAMTQ5MjEyNDkwOTAxMA==&el=1_x_9&_esc=publicationCoverPdf
https://www.researchgate.net/?enrichId=rgreq-70688a3d0c9f6b1e1fce76bca4e317fa-XXX&enrichSource=Y292ZXJQYWdlOzMxNjA5MzA4MjtBUzo0ODI4MjEwMTQ4NTU2ODBAMTQ5MjEyNDkwOTAxMA==&el=1_x_1&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Junesang-Choi?enrichId=rgreq-70688a3d0c9f6b1e1fce76bca4e317fa-XXX&enrichSource=Y292ZXJQYWdlOzMxNjA5MzA4MjtBUzo0ODI4MjEwMTQ4NTU2ODBAMTQ5MjEyNDkwOTAxMA==&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Junesang-Choi?enrichId=rgreq-70688a3d0c9f6b1e1fce76bca4e317fa-XXX&enrichSource=Y292ZXJQYWdlOzMxNjA5MzA4MjtBUzo0ODI4MjEwMTQ4NTU2ODBAMTQ5MjEyNDkwOTAxMA==&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Junesang-Choi?enrichId=rgreq-70688a3d0c9f6b1e1fce76bca4e317fa-XXX&enrichSource=Y292ZXJQYWdlOzMxNjA5MzA4MjtBUzo0ODI4MjEwMTQ4NTU2ODBAMTQ5MjEyNDkwOTAxMA==&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Arjun-Rathie?enrichId=rgreq-70688a3d0c9f6b1e1fce76bca4e317fa-XXX&enrichSource=Y292ZXJQYWdlOzMxNjA5MzA4MjtBUzo0ODI4MjEwMTQ4NTU2ODBAMTQ5MjEyNDkwOTAxMA==&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Arjun-Rathie?enrichId=rgreq-70688a3d0c9f6b1e1fce76bca4e317fa-XXX&enrichSource=Y292ZXJQYWdlOzMxNjA5MzA4MjtBUzo0ODI4MjEwMTQ4NTU2ODBAMTQ5MjEyNDkwOTAxMA==&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Arjun-Rathie?enrichId=rgreq-70688a3d0c9f6b1e1fce76bca4e317fa-XXX&enrichSource=Y292ZXJQYWdlOzMxNjA5MzA4MjtBUzo0ODI4MjEwMTQ4NTU2ODBAMTQ5MjEyNDkwOTAxMA==&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Junesang-Choi?enrichId=rgreq-70688a3d0c9f6b1e1fce76bca4e317fa-XXX&enrichSource=Y292ZXJQYWdlOzMxNjA5MzA4MjtBUzo0ODI4MjEwMTQ4NTU2ODBAMTQ5MjEyNDkwOTAxMA==&el=1_x_10&_esc=publicationCoverPdf


Square of Generalized Hypergeometric Series 1595 

From the theory of differential equations, Preece [5] obtained the 

following well known and very useful identity involving the product of the 

generalized hypergeometric functions: 
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Bailey [1] re-derived the identity (1.6) by using the following classical 

Watson’s summation theorem for 123F  (see, e.g., [10, p. 351]): 
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provided .12 bac   

We use the Kummer’s first transformation formula (1.1) to rewrite the 

Preece’s identity (1.6) as follows: 
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or, equivalently, 
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Rathie [8] proved the Preece’s identity (1.8) very shortly by using the 

following product formula due to Bailey [1]: 
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and the Kummer’s second transformation formula (1.2). Rathie [8] also 

presented the following two more results closely related to (1.8): 
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Here, in this paper, we aim to provide explicit expressions of 
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in the most general form for any non-negative integer i, by using the same 

method as in Rathie [8]. For our purpose, we need to recall two general 

results in [6], which are written here in the following slightly modified 

forms: 
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and 
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for each .0i  

2. Main Results 

Here we present two general formulas involving the square of the 

generalized hypergeometric functions and one companion result asserted in 

the following theorem. 

Theorem 1. Each of the following formulas holds true for :0i  
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and 
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Proof. For (2.1), it is sufficient to show the following statement: 
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Now, let  be the left-hand side of (2.4) and be separated in the following 

form: 
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Applying (1.16) to each term of (2.5), we obtain 
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Using (1.10) for the product of two 10 F  in the right-hand side of (2.6), it is 

easy to see that the  is equal to the right-hand side of (2.1). This completes 

the proof of (2.1). 

The same argument as in the proof of (2.1) (here using (1.17) instead of 

(1.16)) will establish the identities (2.2) and (2.3). So the details of their 

proofs are omitted.  

3. Special Cases and Concluding Remark 

Here we consider some special cases of our main results in Theorem 1 

and give a remark for a possible further research related to the present 

investigation. 

(1) In (2.1), (2.2), or (2.3), if we take ,0i  then we immediately recover 

the Preece’s identity (1.9). 

(2) Taking 1i  in (2.1) yields the following result: 
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(3) Taking 1i  in (2.2) yields the following result: 
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(4) Taking 1i  in (2.3), we get the following result: 
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We conclude this paper by noting that, using these general formulas 

presented here, we may obtain two further general transformation formulas 

for the double hypergeometric functions such as (for example) Srivastava 

and Panda’s double hypergeometric functions (see, e.g., [11, p. 27]). 
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